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From the 16-component Dirac-Ka¨hler field theory, spinor equations for two types
of massless vector photon fields with different parities have been derived. Their equiv-
alent tensor equations in terms of the strength tensor Fab and respective 4-vector Ab
and 4-pseudovector A˜b depending on intrinsic photon parity are derived; they include
additional sources, electric 4-vector jb and magnetic 4-pseudovector j˜b. The theories of
two types of photon fields are explicitly uncoupled, their linear combination through
summing or subtracting results in Maxwell electrodynamics with electric and magnetic
charges in 2-potential approach. So the problem of existence of magnetic charge can
be understood as a super selection rule for different photon fields in intrinsic parity.
The whole analysis is extended straightforwardly to a curved space-time background.
In the frames of that extended Maxwell theory, the known electromagnetic duality is
described as a linear transformation mixing the field variables referred to photons with
different parities. That extended dual transformation concerns both strength tensors
and 4-potentials Ab, A˜b.
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1 Introduction
The bibliography on Maxwell electrodynamics is enormous, the subject attracts attention up
to the present time:
Lorentz [1], Poincare´ [2], Einstein [3], Silberstein [4], Minkowski [5], Abraham [6], Bateman [7],
Cunningham [8], Lanczos [9], Lewis [10], Marcolongo [11], Gordon [12], Tamm – Mandelstam [13]
Rainich [14], Tamm [15], Uhlenbeck – Laporte [16], Juvet [17], Abraham – Becker [18]-[19], Frenkel
[20], Mercier [21]-[24], Rumer [22], Stratton [23], Rozen [25], Gursey [26], Gupta [27], Lichnerowicz
[28], Novacu [29] Borgardt [30]-[31], Moses [32]-[33], Panofsky – Phillips [34], Post [35], Rosen
[36]-[48], Lipkin [37], Ellis [38], Penney [39], Zeldovich [?], Candlin [40], Strazhev – Tomil’chik [41]-
[44]-[46]-[47]-[53]-[57], Exton – Newman – Penrose [42], Carmeli [43], Pestov [45], Landau-Lifshitz
[49], Weingarten [50], Newman [51], Mignani – Recami – Baldo [52], Jackson [54], Fushchich –
Nikitin [55]-[64], Frankel [56], Edmonds [58], Silveira [59], Venuri [60], Chow [61], Cook [62]-[62],
Giannetto [65], Ye´pez – Brito – Vargas [66], Kidd – Ardini – Anton [67], Recami [68], Krivsky
– Simulik [69], Inagaki [70], Bialynicki-Birula [71]-[72]-[95], Sipe [73], Ghose [74], Gersten [75],
Esposito [76], Dvoeglazov [77] -[79], Kruglov [81], Gsponer [82], Kravchenko [83], Varlamov [86],
Ivezic´ [80]-[84]-[85]-[87]-[92]-[93]-[94]-[96], Donev – Tashkova [89]-[90]-[91], Armour [88].
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In the context of studying the Maxwell equations as equations involving a massless field with
spin one and definite intrinsic parity, the well-known field of Dirac-Ka¨hler (see the recent book [98]
on the subject and references therein) is of primary importance. This field obeys a simple wave
equation in spinor basis, this field reduces to more simple theories for scalar or vector particles with
different intrinsic parities when adding linear constraints on field variables ( see in [99]-[100]-[101]).
The main goal of the present paper is to investigate that possibility in the context of Maxwell
theory.
2 Dirac-Ka¨hler composite boson, wave equation
In the Minkowski space, the Diac-Ka¨hler particle is described by 16-component wave function, a
2-rang bispinor, or equivalent set of tensor fields:
U(x) , or { Φ(x),Φi(x), Φ˜(x), Φ˜i(x),Φmn(x) } ;
Φ(x) is a scalar, Φi(x) is a vector, Φ˜(x) represents a pseudoscalar, Φ˜i(x) represents a pseudovector,
Ψmn(x) is an antisymmetric tensor. To specify connection between 2-rank bispinor U(x) and the
tensorial set, let us introduce parametrization of U(x) according to
U(x) =
[
−i Φ(x) + γl Φl(x) + i σ
mn Φmn(x) + γ
5 Φ˜(x) + i γlγ5 Φ˜l(x)
]
E−1 ,
γ5 = −iγ0γ1γ2γ3 , σab =
1
4
(γaγb − γbγa) ; (1)
where E stands for a metrical matrix in 4-spinor space:
E =
∣∣∣∣ ǫ 00 ǫ˙−1
∣∣∣∣ =
∣∣∣∣ ǫαβ 00 ǫα˙β˙
∣∣∣∣ =
∣∣∣∣ iσ2 00 −iσ2
∣∣∣∣ ,
E−1 =
∣∣∣∣ ǫ−1 00 ǫ˙
∣∣∣∣ =
∣∣∣∣ ǫαβ 00 ǫα˙β˙
∣∣∣∣ =
∣∣∣∣ −iσ2 00 +iσ2
∣∣∣∣ ,
E2 = −I , E˜ = −E , Sp E = 0 , σ˜ab E = −E σab . (2)
Inverse to (1) has the form
Φl(x) =
1
4
Sp [EγlU(x)] , Φ˜l(x) =
1
4i
Sp [Eγ5γlU(x)] ,
Φ(x) =
i
4
Sp [EU(x)] , Φ˜(x) =
1
4
Sp [Eγ5U(x)] ,
Φmn(x) = −
1
2i
Sp [EσmnU(x)] . (3)
Below we will use the Weyl’s basis:
U =
∣∣∣∣∣
ξαβ ∆α
β˙
H βα˙ ηα˙β˙
∣∣∣∣∣ , γa =
∣∣∣∣ 0 σ¯aσa 0
∣∣∣∣ , σa = (I, σk) , σ¯a = (I,−σk) ,
σab =
1
4
∣∣∣∣ σ¯aσb − σ¯bσa 00 σaσ¯b − σbσ¯a
∣∣∣∣ =
∣∣∣∣ Σab 00 Σ¯ab
∣∣∣∣ , γ5 =
∣∣∣∣ −I 00 +I
∣∣∣∣ , (4)
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in which decomposition (1) looks∣∣∣∣∣
ξαβ ∆α
β˙
H βα˙ ηα˙β˙
∣∣∣∣∣ =
∣∣∣∣∣
[ (−i Φ− Φ˜) + i Σmn Φmn ] ǫ
−1 σ¯l (Φl + i Φ˜l) ǫ˙
σl (Φl − i Φ˜l) ǫ
−1 [ (−i Φ+ Φ˜) + i Σ¯mn Φmn ] ǫ˙
∣∣∣∣∣ . (5)
Thus, 2-spinor and tensor descriptions of the Dirac-Ka¨hler field are determined by
∆ = ( Φl + i Φ˜l )σ
lǫ˙ ,
H = ( Φl − i Φ˜l) σ¯
lǫ−1 ,
ξ = ( −i Φ− Φ˜ + iΣmn Φmn ) ǫ
−1 ,
η = ( −i Φ+ Φ˜ + iΣ¯mn Φmn ) ǫ˙ ; (6)
and inverse relations are
Φl + i Ψ˜l =
1
2
sp ( ǫ˙−1 σl∆ ) , Φl − i Ψ˜l =
1
2
sp ( ǫσ¯l H ) ,
−i Φ− Ψ˜ =
1
2
sp ( ǫ ξ ) , −i Φ+ Ψ˜ =
1
2
sp ( ǫ˙−1 ξ ) ,
−i Φkl +
1
2
ǫklmn Ψmn = sp ( ǫ Σ
klξ ) ,
−i Φkl −
1
2
ǫklmn Ψmn = sp ( ǫ˙
−1 Σ¯kl ξ ) . (7)
Now let us turn to the Dirac-Ka¨hler wave equation. In spinor basis it is a Dirac-like equation
for 2-rank bispinor:
(iγa
∂
∂xa
−m) U(x) = 0 ; (8)
or in 2-spinor form
(A) iσa ∂a ξ(x) = m H(x) , (A
′) iσ¯a ∂a H(x) = m ξ(x) ,
(B) iσ¯a ∂a η(x) = m ∆(x) , (B
′) iσa ∂a ∆(x) = m η(x) . (9)
Equations (8) -(9) are invariant under the Lorentz group. First, let us consider continuous
transformations from SL(2.C). the Dirac-Ka¨hler field transforms according to
U ′(x′) = [ S(k, k∗)⊗ S(k, k∗) ] U(x) ;
ξ′(x′) = B(k)ξ(x)B˜(k) , ∆′(x′) = B(k)∆(x)B˜(k¯∗) ,
H ′(x′) = B(k¯∗)H(x)B˜(k) , η′(x′) = B(k¯∗)η(x)B˜(k¯∗) . (10)
We should find equation satisfied by primed quantities. From eq. (A) in (9) it follows
(A) iσa ∂a B
−1(k)ξ′(x′)B˜−1(k) = m B(k∗)H ′(x′)B˜−1(k) , =⇒
i B−1(k∗)σaB−1(k) ∂a ξ
′(x′) = m H ′(x′)
and further, taking into account identity
B−1(k∗)σaB−1(k) = σbL ab (k, k
∗) , (11)
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we get
(A) iσb ∂ ′b ξ
′(x′) = m H ′(x′) , where L ab (k, k
∗)∂a = ∂
′
b . (12)
Analogously, from eq. (A′) in (5.10b) it follows
(A′) iσ¯a ∂a B(k
∗)H ′(x′)B˜−1(k) = m B−1(k)ξ′(x′)B˜−1(k) , =⇒
i B(k)σ¯aB(k∗) ∂a H
′(x′) = m ξ′(x′) ;
from whence with the use of identity
B(k)σ¯aB(k∗) = σ¯bL ab (k, k
∗) , (13)
we arrive at
(A′) iσ¯b ∂ ′b H
′(x′) = m ξ′(x′) . (14)
In the same manner one may prove invariance of remaining equations (B) and (B′) in (9). Note
that two identities (11) and (13) in 2-form can be rewritten in 4-form:
S(k, k¯∗)γaS−1(k, k¯∗) = γb L ab (k, k
∗) , (15)
with the help of which one can easily demonstrate invariance of the Dirac-Ka¨hler equation in
4-spinor form. Invariance of the Dirac-Ka¨hler equation under two discrete transformations
M = iγ0,
∣∣∣∣ ξ′ ∆′H ′ η′
∣∣∣∣ = (M ⊗M)
∣∣∣∣ ξ ∆H η
∣∣∣∣ =
∣∣∣∣ −η −H−∆ −ξ
∣∣∣∣ ,
N = γ0γ5,
∣∣∣∣ ξ′ ∆′H ′ η′
∣∣∣∣ = (N ⊗N)
∣∣∣∣ ξ ∆H η
∣∣∣∣ =
∣∣∣∣ η −H−∆ ξ
∣∣∣∣ , (16)
is readily proved with the use of two identities:
MγaM−1 =
∣∣∣∣ 0 σaσ¯a 0
∣∣∣∣ = γb L (P )ab , NγaN−1 =
∣∣∣∣ 0 −σa−σ¯a 0
∣∣∣∣ = γb L (T )ab . (17)
Now let us derive a set of tensor equations equivalent to the above spinor form. To this end,
the spinor equation is to be presented as
iγc ∂c ( −iΦ+ γ
l Φl + iσ
mn Φmn + γ
5Φ˜ + iγlγ5Φ˜l) E
−1 −
−m ( −iΦ+ γlΦl + iσ
mnΦmn + γ
5Φ˜ + iγlγ5Φ˜l )E
−1 = 0 , (18)
from whence with the use of the formulas
Sp γa = 0 , Sp γ5 = Sp
∣∣∣∣ −I 00 +I
∣∣∣∣ = 0 , Sp (γ5γa) = Sp
∣∣∣∣ 0 −σ¯a+σa 0
∣∣∣∣ = 0 ;
Sp (σaσ¯b) = Sp (σ¯aσb) = 2 gab , Sp (γaγb) = Sp
∣∣∣∣ σ¯aσb 00 σaσ¯b
∣∣∣∣ = 4gab ,
Sp (γ5γaγb) = 0 , Sp (γcγaγb) = Sp
∣∣∣∣ 0 σ¯cσaσ¯bσcσ¯aσb 0
∣∣∣∣ = 0 , Sp (γ5γcγaγb) = 0 ;
Sp (σ¯dσcσ¯aσb) = 2 ( gdcgab − gdagcb + gdbgca − i ǫdcab ) ,
Sp (σdσ¯cσaσ¯b) = 2 ( gdcgab − gdagcb + gdbgca + i ǫdcab ) ,
Sp (γdγcγaγb) = Sp
∣∣∣∣ σ¯dσcσ¯aσb 00 σdσ¯cσaσ¯b
∣∣∣∣ = 4 ( gdcgab − gdagcb + gdbgca ) ,
Sp (γ5γdγcγaγb) = Sp
∣∣∣∣ −σ¯dσcσ¯aσb 00 σdσ¯cσaσ¯b
∣∣∣∣ = 4i ǫdcab .
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and also
σaσ¯bσc = σagbc − σbgac + σcgab + i ǫabcd σd ,
σ¯aσbσ¯c = σ¯agbc − σ¯bgac + σ¯cgab − i ǫabcd σ¯d , γ
aγbγc =
∣∣∣∣ 0 σ¯aσbσ¯cσaσ¯bσc 0
∣∣∣∣
we readily arrive at
∂lΦ
l +m Φ = 0 , ∂lΦ˜
l +mΦ˜ = 0 ,
∂kΦ+ ∂lΦ
kl −mΦk = 0 ,
∂kΦ˜−
1
2
ǫkcmn ∂cΦmn −mΦ˜
k = 0 ,
∂dΦk − ∂kΦd + ǫdkcl ∂cΦ˜l −mΦ
dk = 0 . (19)
It should be stressed that the present context, the completely antisymmetric object Levi-Civite ǫabcd
appears as a definite and fixed symbol, ǫ0123 = +1 and so on, without any presumed properties
under the Lorentz transformations.
One may easy verify that in each equation in (19) are linearly combined quantities of the the
same behavior under the spinor covering GspinL of the full Lorentz group L
↑↓
+− ; at this the space-time
coordinates behave as follows
(M) xMl = (+δ¯
k
l ) xk , (N) x
N
l = (−δ¯
k
l ) xk . (20)
3 On equations for particles with different parities
Let us consider eqs. (19) at four different additional constraints:
S = 0 Φ˜ = 0 , Φ˜α = 0 , Φαβ = 0 ,
∂lΦl +mΦ = 0 , 0 = 0 ,
∂lΦ−m Φl = 0 , 0 = 0 ,
∂dΦk − ∂kΦd = 0 ; (21)
S = 0˜ Φ = 0 , Φα = 0 , Φαβ = 0 ;
0 = 0 , ∂lΦ˜l +m Φ˜ = 0 ,
0 = 0 , ∂kΦ˜−mΦ˜k = 0 ,
ǫdkcl∂cΦl = 0 ; (22)
∂lΦ˜l +m Φ˜ = 0 , ∂
kΦ˜−mΦ˜k = 0 .
S = 1 Φ = 0 , Φ˜ = 0 , Φ˜l = 0 ; (23)
S = 1˜ : Φ = 0, Φ˜ = 0, Φl = 0 ,
0 = 0 , ∂lΦ˜l = 0 , ∂
lΦkl = 0 ,
1
2
ǫkcmn ∂cΨmn +m Φ˜
k = 0 , ǫdkcl ∂cΦ˜l −m Φ
dk = 0 . (24)
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In the following two scalar cases will be omitted. Let us describe additional constraints in spinor
form The main relation referring spinors to tensors is
∣∣∣∣ ξ ∆H η
∣∣∣∣ =
∣∣∣∣∣
[ (−i Φ− Φ˜) + i Σmn Φmn ] (−iσ
2) σ¯l (Φl + i Φ˜l) (+iσ
2)
σl (Φl − i Φ˜l) (−iσ
2) [ (−i Φ+ Φ˜) + i Σ¯mn Φmn ] (+iσ
2)
∣∣∣∣∣ (25)
For a vector particle, we will have ( the symbol of tr stands for a matrix transposition)
S = 1
∣∣∣∣ ξ ∆H η
∣∣∣∣ =
∣∣∣∣∣
+ Σmn σ2 Φmn +i σ¯
lσ2 Φl
−i σlσ2 Φl − Σ¯
mn σ2 Φmn
∣∣∣∣∣ ;
∆˜ = +H , ξ˜ = +ξ , η˜ = +η . (26)
A pseudovector case is given by
S = 1˜
∣∣∣∣ ξ ∆H η
∣∣∣∣ =
∣∣∣∣∣
+Σmnσ2 Φmn − σ¯
lσ2 Φ˜l
− σlσ2 Φ˜l − Σ¯
mnσ2 Φmn
∣∣∣∣∣ ,
∆˜ = −H , ξ˜ = +ξ , η˜ = +η . (27)
4 Massless vector particle, and Lorentz condition
Bearing in mind a photon field, it is better to use the usual notation:
S = 1 Φl =⇒ Al, Φkl =⇒ Fkl ,
U(x) =
[
+γl Al(x) + i σ
mn Fmn(x)
]
E−1 ;
the wave equation in spinor form is
(A) iσa ∂a ξ = m H , (A
′) iσ¯a ∂a H = m ξ ,
(B) iσ¯a ∂a η = m ∆ , (B
′) iσa ∂a ∆ = m η . (28)
which is equivalent to the tensor system:
∂lAl = 0 , 0 = 0 , ∂
lFkl −m Ak = 0 ,
ǫkcmn ∂cFmn = 0 , ∂dAk − ∂kAd −mFdk = 0 . (29)
Tensors and spinors are referred by
∣∣∣∣ ξ ∆H η
∣∣∣∣ =
∣∣∣∣∣
+ Σmn σ2 Fmn +i σ¯
lσ2 Al
−i σlσ2 Al − Σ¯
mn σ2 Fmn
∣∣∣∣∣ ,
or in a more detailed form
ξ − η = −2i ( σ1 F23 + σ
2 F31 + σ
3 F12 ) σ
2 ,
ξ + η = 2 ( σ1 F01 + σ
2 F02 + σ
3 F03 ) σ
2 ,
∆ =
∣∣∣∣ (A1 − iA2) (A0 −A3)−(A0 +A3) −(A1 + iA2)
∣∣∣∣ , H =
∣∣∣∣ (A1 − iA2) −(A0 +A3)(A0 −A3) −(A1 + iA2)
∣∣∣∣ . (30)
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Restriction to a massless vector particle is achieved as follows (see (28) and (29) ):
(A) iσa ∂a ξ = 0
(B) iσ¯a ∂a η = 0
}
⇐⇒ ∂lFkl = 0 , ǫ
kcmn∂cFmn = 0 ; (31)
(A′) iσ¯a ∂a H = ξ
(B′) iσa ∂a ∆ = η
}
⇐⇒ ∂lAl = 0 , ∂kAl − ∂lAk = Fkl . (32)
One should note that spinor equations (A′), (B′) results in the Lorentz condition. With the use of
3-vector notation
F01 = −E1 = +E
1 , F02 = −E2 = +E
2 , F03 = −E3 = +E
3 ,
F23 = B1 = B
1 , F31 = B2 = B
2 , F12 = B3 = B
3 ,
eqs. (31) take the form
(A), (B) ∂1E1 + ∂2E2 + ∂3E3 = 0 , ∂1B1 + ∂2B2 + ∂3B3 = 0 ,
∂2E3 − ∂3E2 = −∂0B1 , ∂3E1 − ∂1E3 = −∂0B2 , ∂1E2 − ∂2E1 = −∂0B3 ,
∂2B3 − ∂3B2 = + ∂0E1 , ∂3B1 − ∂1B3 = + ∂0E2 , ∂1B2 − ∂2B1 = + ∂0E3 ,
or in 3-vector notation
(A), (B) div E = 0 , div B = 0 ,
rot E = −
∂
∂t
B , rot B = +
∂
∂t
E , (33)
where E = (E1, E2, E3),B = (B1, B2, B3). In the same manner let us consider equations (A′) and
(B′) (32) – in 3-vector form (A = (A1, A2, A3) they are
(A′), (B′) 0 = 0 ,
∂A0
∂t
+ div A = 0 ,
−
∂A
∂t
− grad A0 = E , rot A = B . (34)
5 Massless pseudovector particle , and Lorentz condition
A pseudovector particle is specified by the relations:
S = 1˜ : Φ˜l =⇒ A˜l, Φkl =⇒ Fkl ,
U(x) =
[
+i σmn Fmn(x) + i γ
lγ5 A˜l(x)
]
E−1 ;
(A˜) iσa ∂a ξ = m H , (A˜
′) iσ¯a ∂a H = m ξ ,
(B˜) iσ¯a ∂a η = m ∆ , (B˜
′) iσa ∂a ∆ = m η ;
0 = 0 , ∂lA˜l = 0 , ∂
lFkl = 0 ,
1
2
ǫkcmn ∂cFmn +m A˜
k = 0 , ǫdkcl ∂cA˜l −m F
dk = 0 . (35)
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Tensors and spinors are referred by
∣∣∣∣ ξ ∆H η
∣∣∣∣ =
∣∣∣∣∣
+Σmnσ2 Fmn − σ¯
lσ2 A˜l
− σlσ2 A˜l − Σ¯
mnσ2 Fmn
∣∣∣∣∣
ξ = iσ3(F01 − i F23) + (F02 − i F31)− iσ
1(F03 − i F12) ,
η = iσ3(F01 + i F23) + (F02 + i F31)− iσ
1(F03 + i F12) ,
∆ =
∣∣∣∣ +iA˜1 + A˜2 +i(A˜0 − A˜3)−i(A˜0 + A˜3) −iA˜1 + A˜2)
∣∣∣∣ , H =
∣∣∣∣ −iA˜1 − A˜2 +i(A˜0 + A˜3)−i(A˜0 − A˜3) +iA˜1 − A˜2)
∣∣∣∣ . (36)
Transition to a massless case is realized as follows:
(A˜) iσa ∂a ξ = 0
(B˜) iσ¯a ∂a η = 0
}
⇐⇒ ∂lFkl = 0 ,
1
2
ǫkcmn ∂cFmn = 0 ; (37)
(A˜′) iσ¯a ∂a H = ξ
(B˜′) iσa ∂a ∆ = η
}
⇐⇒ 0 = 0 , ∂lA˜l = 0 , ǫ
dkcl ∂cA˜l = F
dk . (38)
It should be noted that eqs. (37) coincide with (31), so we need investigate additionally only
equations (A˜′) and (B˜′) – in vector form they are
(A˜′), (B˜′) 0 = 0 ,
∂A˜0
∂t
+ div A˜ = 0 ,
rot ~˜A = +E , B = −
∂A˜
∂t
− grad A˜0 . (39)
6 Comparing results for vector and pseudovector fields
Let us collect the results obtained. Tensor equations for a S = 1 field are
(α) ∂lFkl = 0 , ǫ
kcmn ∂cFmn = 0 ,
(β) 0 = 0 , ∂aAa = 0 , ∂bAc − ∂cAb = Fbc ,
(40)
in 3-vector form
(α) div E = 0 , div B = 0 ,
rot E = − ∂tB , rot B = + ∂tE ,
(β) 0 = 0 , ∂tA
0 + div A = 0 ,
−∂tA− grad A
0 = ~E , rot A = +B ;
(41)
tensor equations for a S = 1˜ field
(α˜) ∂lF∼kl = 0 , ǫ
kcmn ∂cF
∼
mn = 0 ,
(β˜) 0 = 0 , ∂lA˜l = 0 , ǫ
cl
dk ∂cA˜l = F
∼
dk ,
(42)
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in 3-vector form
(α˜) div E∼ = 0 , div B∼ = 0 ,
rot E∼ = − ∂tB
∼ , rot B∼ = + ∂tE
∼ ,
(β˜) 0 = 0 , ∂tA˜
0 + div A˜ = 0 ,
−∂tA˜− grad A˜
0 = B∼ , rot A˜ = +E∼ .
(43)
7 Maxwell equations in presence of sources, fields with different
parities
For the case S = 1, spinor massless equations with sources can be obtained from equation (A),(B)
in (28)
S = 1
(A) iσa ∂a ξ(x) = m H(x) ,
(B) iσ¯a ∂a η(x) = m ∆(x)
by formal changes
mH(x) = − iσlσ2 mAl(x) , =⇒ −j(x) = −i σ
kσ2 jk(x) ,
m∆(x) = + iσ¯lσ2 mAl(x) , =⇒ −j¯(x) = +i σ¯
kσ2 jk(x) .
Thus, we get
(S = 1)
(A) iσa ∂a ξ(x) = − j(x) ,
(B) iσ¯a ∂a η(x) = − j¯(x) ,
∂lFkl(x) = − jk(x) , ǫ
kcmn∂cFmn(x) = 0 ;
div E = +j0 , div B = 0 ,
rot E = − ∂tB , rot B = + ∂tE+ j ,
(44)
and remaining equation (A′), (B′):
(S = 1)
(A′) iσ¯a ∂a H = ξ
(B′) iσa ∂a ∆ = η
}
=⇒
∂lAl = 0 , ∂kAl − ∂lAk = Fkl ,
0 = 0 ,
∂A0
∂t
+ div A = 0 ,
−
∂A
∂t
− grad A0 = E , rot A = B . (45)
In the same manner, one should consider the case S = 1˜. Making in spinor equations
S = 1˜ :
(A˜) iσa ∂a ξ(x) = m H(x) ,
(B˜) iσ¯a ∂a η(x) = m ∆(x)
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formal changes
mH(x) = − σkσ2 mA˜k(x) , =⇒ − j˜(x) = − σ
kσ2 ¯˜jk(x) ,
m∆(x) = − σ¯kσ2 mA˜k(x) , =⇒ −
¯˜j(x) = − σ¯kσ2 j˜k(x)
we arrive at
(A˜) iσa ∂a ξ(x) = − j˜(x) ,
(B˜) iσ¯a ∂a η(x) = −
¯˜j(x) ,
(S = 1˜) ∂lF∼kl = 0 ,
1
2 ǫ
kcmn ∂cF
∼
mn = +j˜
k ,
div E∼ = 0 , div B∼ = −j˜0∼ ,
rot E∼ = − ∂tB
∼ + j˜ , rot B∼ = + ∂tE
∼ .
(46)
and remaining equations (A˜′), (B˜′):
(S = 1˜)
(A˜′) iσ¯a ∂a H = ξ
(B˜′) iσa ∂a ∆ = η
}
⇐⇒
0 = 0 , ∂lA˜l = 0 , ǫ
dkcl ∂cA˜l = F
dk∼ ,
0 = 0 , ∂tA˜
0 + div A˜ = 0 ,
−∂tA˜− grad A˜
0 = B∼ , rot A˜ = +E∼ . (47)
One notices that a simple algebraic summing of the systems related to (A), (B) and (A˜), (B˜)
for fields of the types S = 1 S = 1˜ (see (44) and (46)), one arrives at equations for Maxwell
electromagnetic theory with two charge, electric and magnetic:
E+E∼ = Eˆ , B+B∼ = Bˆ ,
div Eˆ = j0 , div Bˆ = −j˜0 ,
rot Eˆ = −∂tBˆ+ j˜ , rot Bˆ = +∂tEˆ+ j , (48)
4-tensor description of that summing looks
(Eˆ, cBˆ), Fˆab = Fab + F
∼
ab = (∂aAb − ∂bAa) + ǫ
kl
ab ∂kA˜l ,
∂l [ Fkl(x) + F
∼
kl ] = − jk(x) ,
1
2
ǫkcmn∂c [ Fmn(x) + F
∼
mn ] = +j˜
k . (49)
which coincides with 2-potential approach to Maxwell electrodynamics with two charges [57].
The above method of obtaining extended Maxwell equations with magnetic charges from two
independent Maxwell theories with different intrinsic parities
S = 1 , (A,B) , (A′, B′) ;
S = 1˜ , (A˜, B˜) , (A˜′, B˜′) ; (50)
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may be sketched by the scheme
(S = 1) + (S = 1˜) : (A,B) + (A˜, B˜) , A′, B′, A˜′, B˜′ . (51)
One could introduce a symmetrical combination by a similar scheme
(S = 1)− (S = 1˜) : (A,B) + (A˜, B˜) A′, B′, A˜′, B˜′ . (52)
which corresponds to
E−E∼ = E˘ , B−B∼ = B˘ ,
div E˘ = j0 , div B˘ = +j˜0 ,
rot E˘ = −∂tB˘− j˜ , rot B˘ = +∂tE˘+ j ; (53)
4-tensor description of that summing looks
(E˘, cB˘), F˘ab = Fab − F
∼
ab = (∂aAb − ∂bAa)− ǫ
kl
ab ∂kA˜l ,
∂l [ Fkl(x)− F
∼
kl ] = − jk(x) ,
1
2
ǫkcmn∂c [ Fmn(x)− F
∼
mn ] = −j˜
k . (54)
Evidently, the system consisting of two independent Maxwell models, S = 1 and S = 1˜, is
equivalent to the pair
(S = 1)± (S = 1˜) : (A,B)± (A˜, B˜) , A′, B′, A˜′, B˜′ . (55)
Let us call the doubled model (55) an extended Maxwell theory, it includes two photon fields
different in parity, and two types of sources, electrical and magnetic charges.
8 Extension to the Maxwell theory in Riemannian space-time
Let us start with a generally covariant tetrad-based Dirac-Ka¨hler equation in 4-spinor form [99],
[100]:
[ iγα(x) (∂/∂xα +Bα(x)) −m ] U(x) = 0 , (56)
where Bα(x) is a 2-rank bispinor connection
Bα(x) =
1
2
Jabeβ(a)∇α(e(b)β) = Γα(x)⊗ I + I ⊗ Γα(x) ,
and Jab = (σab ⊗ I + I ⊗ σab) stands for generators for 2-rank bispinor under the Lorentz group.
From (56) specified in Weyl spinor basis, one derives the following equations in 2-spinor form:
iσα(x) [ ∂/∂xα + Σα(x)⊗ I + I ⊗ Σα(x) ] ζ(x) = m H(x) ,
iσ¯α(x) [ ∂/∂xα + Σ¯α(x)⊗ I + I ⊗ Σα(x) ] H(x) = m ξ(x) ,
iσ¯α(x) [ ∂/∂xα + Σ¯α(x)⊗ I + I ⊗ Σ¯α(x) ] η(x) = m ∆(x) ,
iσα(x) [ ∂/∂xα + Σα(x)⊗ I + I ⊗ Σ¯α(x) ] ∆(x) = m η(x) . (57)
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Symbols Σα(x) and Σ¯α(x) stand for Infeld – van der Vaerden connections:
σα(x) = σa eα(a)(x) , σ¯
α(x) = σ¯a eα(a)(x) ,
Σα(x) =
1
2
Σab eβ(a) ∇α(e(b)β) , Σ¯α(x) =
1
2
Σ¯ab eβ(x) ∇α(e(b)β) ,
Σa =
1
4
( σ¯a σb − σ¯b σa ) , Σ¯a =
1
4
( σa σ¯b − σb σ¯a ) .
These spinor equations are equivalent to a generally covariant tensor system
∇αΨα(x) +mΨ(x) = 0 , ∇˜
αΨl(x) +mΨ˜(x) = 0 ,
∇αΨ(x) +∇
βΨαβ(x)−mΨα(x) = 0 ,
∇˜αΨ(x)−
1
2
ǫ βρσα (x)∇βΨρσ(x)−mΨ˜α(x) = 0 ,
∇αΨβ(x)−∇βΨα(x) + ǫ
ρσ
αβ (x)∇ρΨ˜σ(x)−mΨαβ(x) = 0 , (58)
where covariant tensor field variables are connected with local tentad tensor variables by the rela-
tions
Ψα(x) = e
(i)
α (x)Ψi(x) , Ψ˜α(x) = e
(i)
α (x)Ψ˜i(x) ,
Ψαβ(x) = e
(m)
α (x)e
(n)
β (x)Ψmn(x) , (59)
and the Levi-Civita object is determined by
ǫαβρσ(x) = ǫabcdeα(a)(x)e
β
(b)(x)e
ρ
(c)(x)e
σ
(d)(x) . (60)
The fields Ψ(x), Ψα(x), Ψαβ(x) are tetrad scalars, and Ψ˜(x), Ψ˜α(x) are tetrad pseudoscalars, and
the Levi-Civita object ǫαβρσ(x) is a generally covariant tensor and a tetrad pseudoscalar.
Now, we should obtain generally covariant equations for ordinary boson of the types S =
0, 0˜, 1, 1˜:
S = 0, Ψ˜ , Ψ˜α, Ψαβ = 0 ,
∇αΨα +mΨ = 0 , ∇αΨ−mΨα = 0 , ∇αΨβ −∇βΨα = 0 , (61)
two first are the Proca equations for scalar particle, the last equation holds identically:
(∂α ∂β Ψ(x) − Γ
µ
αβ(x) ∂µ Ψ(x)) − (∂β ∂α Ψ(x) − Γ
µ
βα(x) ∂µ Ψ(x)) = 0 ,
For a pseudoscalar field we have
S = 0˜ , ∇αΨ˜α(x) +mΨ˜(x) = 0 , ∇αΨ˜(x)−mΨ˜α(x) = 0 , ǫ
ρσ
αβ (x)∇ρΨσ(x) = 0 ; (62)
here the last equation holds identically. Now, let it be Ψα(x) 6= 0, Ψαβ(x) 6= 0, then
S = 1 , ∇αΨα(x) = 0 , ∇
βΨαβ(x)−mΨα(x) = 0 ,
−
1
2
ǫ βρσα (x)∇βΨρσ(x) = 0 , ∇αΨβ(x)−∇βΨα(x) = mΨαβ(x) . (63)
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Here the first and third equation hold identically:
∇αΨα(x) =
1
m
∇α∇β Ψαβ(x) =
1
2m
[ Ψαν(x) R
ν βα
β (x)−
−Ψβν(x)R
ν βα
α (x) ] =
1
2m
[ −Ψαν(x) R
να(x)−Ψβν(x) R
νβ(x) ] = 0 ,
−
1
2m
ǫ βρσα (x) ∇β [ ∇ρΨσ(x)−∇σΨρ(x) ] =
−
1
4m
ǫ ρβσα (x) [ (∇β∇ρ(x)−∇ρ∇β) Ψσ(x)− (∇β∇σ(x)−∇σ∇β) Ψρ(x) ] =
= −
1
4m
ǫ βρσα (x) (Ψ
ν Rνσρβ(x)−Ψ
ν(x) Rνρσβ(x)) = 0 . (64)
Now, let it be Ψ(x) = Ψ˜(x) = Ψα(x) = 0, then
S = 1˜ , ∇αΨ˜α(x) = 0 , ∇
βΨ˜αβ(x) = 0 ,
1
2
ǫ βρσα (x) ∇βΨρσ(x) +m Ψ˜(x) = 0 , ǫ
ρσ
αβ (x) ∇ρΨ˜σ(x)−m Ψαβ(x) = 0 . (65)
The first and the second equations hold identically:
∇αΨ˜α(x) = −
1
2m
∇αǫ βρσα (x) ∇β Ψρσ(x) = −
1
2m
ǫ βρσα (x) ∇
α∇β Ψρσ(x) =
= −
1
4m
ǫ βρσα (x)[ Ψνσ(x) R
ν α
βρ (x) + Ψρν(x) R
ν α
σβ (x) ] ,
∇β Ψαβ(x) =
1
m
∇β(x) ǫ ρσαβ (x) ∇ρΨσ(x) =
1
2m
ǫ ρσαβ (x) Ψ
ν(x) Rνσρβ(x) .
Constraints separating four boson fields are the same as in the case of Minkowski space:
S = 0 , ∆˜ = +H , ξ = −η , ξ˜ = −ξ , η˜ = −η .
S = 0˜ , ∆˜ = −H , ξ = +η , ξ˜ = −ξ , η˜ = −η .
S = 1 , ∆˜ = +H , ξ˜ = +ξ , η˜ = +η .
S = 1˜ , ∆˜ = −H , ξ˜ = +ξ , η˜ = +η . (66)
Without any additional calculation, we can write down spinor and corresponding tensor equa-
tions for Maxwell theories with opposite intrinsic parities:
for a vector model
(S = 1)
(A) iσα(x) [ ∂/∂xα + Σα(x)⊗ I + I ⊗ Σα(x) ] ξ(x) = − j(x) ,
(B) iσ¯α(x) [ ∂/∂xα + Σ¯α(x)⊗ I + I ⊗ Σ¯α(x) ] η(x) = − j¯(x) ,
∇βFαβ(x) = − jα(x) , ǫ
αβρσ∇βFρσ(x) = 0 ;
(S = 1)
(A′) iσ¯α(x) [ ∂/∂xα + Σ¯α(x)⊗ I + I ⊗ Σα(x) ] H(x) = ξ ,
(B′) iσα(x) [ ∂/∂xα + Σα(x)⊗ I + I ⊗ Σ¯α(x) ] ∆(x) = η ,
∇αAα = 0 , ∇αAβ −∇βAα = Fαβ ; (67)
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for a pseudovector model
S = 1˜ ,
(A˜) iσα(x) [ ∂/∂xα + Σα(x)⊗ I + I ⊗ Σα(x) ] ξ(x) = − j˜(x) ,
(B˜) iσ¯α(x) [ ∂/∂xα + Σ¯α(x)⊗ I + I ⊗ Σ¯α(x) ] η(x) = −
¯˜j(x) ,
(S = 1˜) ∇βF∼αβ = 0 ,
1
2 ǫ
αβρσ ∇βF
∼
ρσ = +j˜
α ;
(S = 1˜) ,
(A˜′) iσ¯α(x) [ ∂/∂xα + Σ¯α(x)⊗ I + I ⊗ Σα(x) ] H(x) = ξ
(B˜′) iσα(x) [ ∂/∂xα + Σα(x)⊗ I + I ⊗ Σ¯α(x) ] ∆(x) = η
0 = 0 , ∇αA˜α = 0 , ǫ
αβρσ ∇ρA˜σ = F
αβ∼ . (68)
9 Symmetry in extended Maxwell theory, duality transformation
Summing and subtracting respective tensor equations in (67) and (68) we arrive at
∇β[ Fαβ(x) + F˜αβ(x) ] = − jα(x) , ∇
β[ Fαβ(x)− F˜αβ(x) ] = − jα(x) ,
1
2
ǫαβρσ(x) ∇β [ Fρσ + F˜ρσ ] = +j˜
α(x) ,
1
2
ǫαβρσ(x) ∇β [ Fρσ − F˜ρσ ] = −j˜
α(x) ,
Fαβ(x)± F˜αβ(x) = ∇αAβ(x)−∇βAα(x)± ǫ
ρσ
αβ (x) ∇ρA˜σ(x) ,
∇αAα(x) = 0 , ∇
αA˜α(x) = 0 . (69)
Here, Fαβ(x), Aα(x), jα(x) are tetrad scalar, and ǫαβρσ(x), A˜α, j˜α are tetrad pseudoscalars.
Let us introduce dual variables (marked by a star symbol):
F ∗αβ(x) =
1
2
ǫ ρσαβ (x) Fρσ(x) , Fαβ(x) = −
1
2
ǫ µναβ (x) F
∗
µν(x) ,
F˜ ∗αβ(x) =
1
2
ǫ ρσαβ (x) F˜ρσ(x) , F˜αβ(x) = −
1
2
ǫ µναβ (x) F˜
∗
µν(x) . (70)
One can easily prove an identity
1
2
ǫ αβρσ [Fαβ(x)± F˜
αβ(x)] =
1
2
ǫ αβρσ [∇αAβ(x)−∇βAα(x)± ǫ
δγ
αβ (x) ∇δA˜γ(x) ] =
= ǫ αβρσ ∇αAβ ∓ (∇ρA˜σ −∇σA˜ρ) ,
that is
F ∗ρσ ± F˜
∗
ρσ = ∓ (∇ρA˜σ −∇σA˜ρ) + ǫ
αβ
ρσ ∇αAβ . (71)
Thus, the system of extended Maxwell theory may be presented as follows:
∇β[ Fαβ(x) + F˜αβ(x) ] = − jα(x) , ∇
β[ Fαβ(x)− F˜αβ(x) ] = − jα(x) ,
∇β [ F ∗αβ + F˜
∗
αβ ] = +j˜α(x) , ∇β [ F
∗αβ − F˜ ∗αβ ] = −j˜α(x) ,
Fαβ(x)± F˜αβ(x) = ∇αAβ(x)−∇βAα(x)± ǫ
ρσ
αβ (x) ∇ρA˜σ(x) ,
F ∗ρσ(x)± F˜
∗
ρσ(x) = ∓ (∇ρA˜σ(x)−∇σA˜ρ(x)) + ǫ
αβ
ρσ (x)∇αAβ(x) .
∇αAα(x) = 0 , ∇
αA˜α(x) = 0 . (72)
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With the notation
Fαβ(x) + F˜αβ(x) = F
+
αβ(x) , F
∗
αβ(x) + F˜
∗
αβ(x) = F
+∗
αβ (x) ,
Fαβ(x)− F˜αβ(x) = F
−
αβ(x) , F
∗
αβ(x)− F˜
∗
αβ(x) = F
−∗
αβ (x) ,
eqs. (72) look
∇βF+αβ(x) = − jα(x) , ∇
βF−αβ(x) = − jα(x) ,
∇β F+∗αβ = +j˜
α(x) , ∇β F−∗αβ = −j˜
α(x) ,
F+αβ(x) = ∇αAβ(x)−∇βAα(x) + ǫ
ρσ
αβ (x) ∇ρA˜σ(x) ,
F−αβ(x) = ∇αAβ(x)−∇βAα(x)− ǫ
ρσ
αβ (x) ∇ρA˜σ(x) ,
F+∗ρσ (x) = − (∇ρA˜σ(x)−∇σA˜ρ(x)) + ǫ
αβ
ρσ (x)∇αAβ(x) .
F−∗ρσ (x) = + (∇ρA˜σ(x)−∇σA˜ρ(x)) + ǫ
αβ
ρσ (x)∇αAβ(x) .
∇αAα(x) = 0 , ∇
αA˜α(x) = 0 . (73)
The system obtained is invariant under the following linear transformation (extended duality
operation)
Aα =⇒ −A˜
′
α , A˜α =⇒ +A
′
α ,
F+αβ =⇒ +F
′+∗
αβ , F
+∗
αβ =⇒−F
′+
αβ ,
F−αβ =⇒ −F
′−∗
αβ , F
−∗
αβ =⇒ +F
′−
αβ ,
jα =⇒ −j˜
′
α , j˜α =⇒ +j
′
α . (74)
Also, one can note another invariance transformation:
Aα =⇒ +A˜
′
α , A˜α =⇒ −A
′
α ,
F+αβ =⇒ −F
′+∗
αβ , F
+∗
αβ =⇒ +F
′+
αβ ,
F−αβ =⇒ +F
′−∗
αβ , F
−∗
αβ =⇒−F
′−
αβ ,
jα =⇒ +j˜
′
α , j˜α =⇒ −j
′
α . (75)
Relations (74) and (75) are particular cases of the continuous extended dual transformation
over 4-vector and 4-pseudovector:
cosχAα + sinχA˜α = A
′
α , cosχA
′
α − sinχA˜
′
α = Aα ,
− sinχAα + cosχA˜α = A˜
′
α , sinχA
′
α + cosχA˜
′
α = A˜α , (76)
which generates the following transformation over strength tensors:
F+αβ(x) = ∇αAβ(x)−∇βAα(x) + ǫ
ρσ
αβ (x) ∇ρA˜σ(x) =
= ∇α(cosχA
′
β − sinχA˜
′
β)−∇β(cosχA
′
α − sinχA˜
′
α) + ǫ
ρσ
αβ (x) ∇ρ(sinχA
′
σ + cosχA˜
′
σ)(x) ,
that is
F+αβ = cosχ F
′+
αβ + sinχ F
′+∗
αβ ; (77)
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analogously
F+∗αβ = − sinχ F
′+
αβ + cosχ F
′+∗
αβ . (78)
In the same manner one derives
F−αβ = cosχ F
′−
αβ − sinχ F
′−∗
αβ , F
−∗
αβ = sinχ F
′−
αβ + cosχ F
′−∗
αβ . (79)
Continuous dual transformations over currents are
cosχjα + sinχj˜α = j
′
α , cosχj
′
α − sinχj˜
′
α = jα ,
− sinχjα + cosχj˜α = j˜
′
α , sinχj
′
α + cosχj˜
′
α = j˜α . (80)
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Let us summarize results. From the 16-component Dirac-Ka¨hler field theory, spinor equations
for two types of massless vector photon fields with different parities have been derived. Their
equivalent tensor equations in terms of the strength tensor Fab and respective 4-vector Ab and 4-
pseudovector A˜b depending on intrinsic photon parity are derived; they include additional sources,
electric 4-vector jb and magnetic 4-pseudovector j˜b. The theories of two types of photon fields are
explicitly uncoupled, their linear combination through summing or subtracting results in Maxwell
electrodynamics with electric and magnetic charges in 2-potential approach. The whole analysis is
extended straightforwardly to a curved space-time background.
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